LATTICE MAP FOR ANDERSON 
T-MOTIVES: FIRST APPROACH 



D. LOGACHEV 

Abstract. Let M be a T-motive of dimension n and rank r = 2n given by an explicit 
simple equation. We consider the lattice map in a "neighbourhood" of a T-motive 
M(0) which is the n-th power of the Carlitz module of rank 2. We prove a result that 
can suggest that this lattice map could be an isomorphism in this "neighbourhood" 
(see Theorem 3 for the exact statement). 



0. Introduction. 

T-motives ([G], 5.4.2, 5.4.12, 5.4.10) are the function field analogs of abelian 
varieties. We start from the classical 

Theorem 0.1. Abelian varieties of dimension g over C are in 1 - 1 correspon- 
dence with lattices satisfying Riemann condition, of dimension 2 g in C 9 . 

(here and below we consider lattices up to a linear transformation of the ambient 
space) . 

Our knowledge on the function field analog of this theorem is very poor, and the 
purpose of the present paper is to get a result towards this analog. Throughout all 
the paper we shall consider for simplicity only T-motives M over the affine line A 1 
such that their nilpotent operators N (see 1.3.1 below for its definition) are equal 
to 0. Let r, n be respectively the rank and dimension of M. There exists a notion 
of uniformizable M. If M is uniformizable then we can associate it a lattice of rank 
r in n-dimensional space (see Definition 1.4 below). 

For n = 1 the situation is quite analogous to the Theorem 0.1: 

Theorem 0.2 ([D]). There is a 1 - 1 correspondence between T-motives of rank 
r and dimension 1 ( = Drinfeld modules) over — the function field analog of 
C — and lattices of rank r in Cqq. 

Further we shall consider only pure M (see [G], 5.5.2 for the definition). For 
n = r — 1 the duality theory gives us a similar result: 

Theorem 0.3 ([L]). There is a 1 - 1 correspondence between pure T-motives 
of rank r and dimension r — 1 over (they are all uniformizable) and lattices of 
rank r in C 1 ^ 1 having dual. 

For arbitrary n, r we have 
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Theorem 0.4 ([A]). If M is uniformizable then its lattice (denoted by L(M) ) 
is well-defined. Not all M are uniformizable. 

We know neither the image of the lattice map M h-» L(M) nor its fibre. Taking 
into consideration 

Theorem 0.5 ([H], Theorem 3.2). The dimension of the moduli space of pure 
T- motives of rank r and dimension n is equal to n(r — n). 

and the obvious fact that the moduli space of lattices of rank r in C 7 ^ has the 
same dimension n(r — n) we can state 

Conjecture 0.6. Let us consider the lattice map M \-> L(M) from the set of 
pure uniformizable T-motives to the set of lattices. Its image is open, and its fibre 
at a generic point is discrete. 

Remark 0.7. Preliminary results of [LI] suggest that the condition of purity in 
0.6 is essential: the dimension of the fibre conjecturally can be > for the non-pure 
case. 

The present paper contains a result supporting 0.6. Namely, we consider a set 
of T-motives of dimension n and rank r = 2n given by an explicit simple equation 

Te* = 6>e* + Are* + r 2 e* (0.8) 

where A G M n (Coo), see below for the notations. We consider the lattice map 
in a "neighbourhood" of a T-motive M(0) given by the condition A = 0. The 
main result — Theorem 3 — gives some evidence that Conjecture 0.6 holds, and 
moreover that the lattice map is a 1 - 1 correspondence in a "neighbourhood" of 
M(0). 

1. Definitions. 

Let q he a power of a prime p. Let Z^o := F 9 [6>], Moo '■= ¥ q ((l/0)), Coo the 
completion of its algebraic closure (Zoo, R<x>) Coo are the function field analogs of 
Z, R, C respectively). Let Coo[T, r] be the Anderson ring, i.e. the ring of non- 
commutative polynomials satisfying the following relations (here a G Coo): 

Ta = aT, Tr = tT, ra = a q r (1.1) 

Definition 1.2. ([G], 5.4.2, 5.4.12, 5.4.10). A T-motive 1 M is a left Coo[T,r]- 
module which is free and finitely generated as both Coo[T]-, Coo [^-module and 
such that 

3m = m(M) such that (T - e) m M/rM = (1.2.1) 

We denote the dimension of M over Coofr] (resp. Coop 1 ]) by n (resp. r), these 
numbers are called dimension and rank of M. 

We shall need the explicit matrix description of T-motives. Let e* = (ei, e n )* 
be the vector column of elements of a basis of M over Coo [t] . There exists a matrix 
21 G M n (Coo[r]) such that 
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Te* = 2le*, 21 = J^t* where 21, e M n (C 00 ) (1.3) 

i=0 

Condition (1.2.1) is equivalent to the condition 

Slo = ^„ + iV (1.3.1) 

where AMs a nilpotent matrix, and the condition m(M) = 1 is equivalent to the 
condition N = 0. 

We fix n, and we shall consider only those M whose equation (1.3) has the form 
(0.8), i.e. I = 2, N = 0, 2li = A, 2b = E n . They have dimension n, rank 2n, they 
are all pure, and there exists a neighbourhood Uq of in Coo such that if all entries 
of A belong to Uq then M is uniformizable. 

Definition 1.4. Let V be the space C 7 ^. A free r-dimensional Zoo-submodule 
L of V is called a lattice if 

(a) L generates V as a Coo-module and 

(b) The Moo-linear envelope of L has dimension r over Moo- 

Numbers n, r are called the dimension and the rank of L respectively. Let 
ei, e r be a Zoo-basis of L such that ei, e n form a Coo-basis of V. Like in the 
theory of abelian varieties, we denote by Z = (zij) the Siegel matrix whose lines 
are coordinates of e n +i, e r in the basis ei, e n , more exactly, the size of Z is 
(r — n) x n and 

n 

Vz = l,...,r-n e n+ j = ZjjCj (1.5) 

i=i 

Z defines L, we denote L by £(Z). 

2. From a matrix i to a Siegel matrix. 

Recall that we consider M given by the equation (0.8). We denote this M by 
M(A). Further, we consider the case when A belongs to a neighbourhood of 0. We 
have M(0) = £® n where £2 is the Carlitz module over F^fT]. 

Let ui G ¥ q 2 — F q be a fixed element. A Siegel matrix of M(0) is u>E n . We denote 
the lattice corresponding to uE n by L , it is the lattice of M(0). We consider 4 
sets Si, S4: 

S*!. The set ofnxn matrices A. 

52. The set of T-motives M given by the equation (0.8). 

53. The set ofnxn Siegel matrices Z. 

54. The set of lattices of rank r = 2n in C^. 

We consider initial elements and uE n of Si , £3 respectively and open neigh- 
bourhoods IXi C Si, IX3 C S3 of these initial elements. There exists ill such that 
the below diagram with natural maps (namely, 1112(A) is the T- motive defined by 
(0.8), H2a{,M) is the lattice of M, ^34 (Z) is the lattice corresponding to a Siegel 
matrix Z) is defined: 
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St ill Us ^ S 3 



1*12 I 1*12 I /"34l (2.1) 



S 2 ^ //l 2 (Ul) ^ S 4 

Proposition 2.2. There exist neighbourhoods Hi, il 3 and a homomorphism 
/L*i3 : Hi — >■ H3 making the above diagram commutative. 

Proof. We define ^13 as follows. We identify Lie(£2) with and hence 
Lie(M(0)) with C 7 ^. We consider the following basis /o,i> •••> fo,2n of L C 
Lie(M(0)) = C^: Z 0) i = (0, 0, 1, 0, 0) (1 at the z-th place), l , n+l = ul ,i, 
i = 1, n. The Siegel matrix of this basis is uE n . Let A G ill, M its /U^-image 
and L its lattice, i.e. its ^24 o ^12-image. For any Z G L there exists a well-defined 
/ G L which is close to l (because entries of A are near 0). So, we consider a basis 
li, lm °f £ where any Zj is near the corresponding Z ,i- The Siegel matrix corre- 
sponding to h, ■■■jhn is exactly the /U^-image of M. By definitions, the diagram is 
commutative. 

We denote by 0i 3 the degree of ^13 at a generic point near G ill. 



Lemma 2.3. d 
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Proof. For a given A G Si we denote the exponential map of M(A) by Exp. 

We have Exp(Z) = J^Zo C i z(i) where c i = C i( A )i C o = 1- 

For the reader's convenience, we consider only the case n = 1 (the general case 
does not require any new ideas), hence Z, A will be denoted by z, a respectively. 
We denote 0y = Q q% — 6' <?J . Recall that the exponent for <T 2 has the form 

Exp (z) = z + ±-z<? + + ... (2.3.1) 

(C2i(0) = T-.i-i 1 , ). We denote by y G a nearest-to-zero root to Exp (z) = 

(this is £ of <£ 2 in notations of [G]). It is defined up to multiplication by elements 
of F* 2 , and it generates over ¥ q 2 [6] the lattice of the Carlitz module €2. We fix one 
such yo . If a is sufficiently small then there is the only root to Exp a (z) = near 
yo, and there is the only root to Exp a (z) = near uyo. We denote these roots by 
z = z(a), z' = z'(a) respectively, and we denote z = yo + 5, z' = uyo + 5' . 5 (resp. 
5') is a root to the power series 

00 

d ij a i 8 j = (2.3.2) 

i,j=0 

00 

resp. d 'ij a ^' j = (2- 3 - 3 ) 

i,3=0 



where 



q q 3 q 5 q 7 

doo - U, cfio - ^— + „ „ + a a a + 0000 + •••> "01 

#10 V31V30 (753 (75 1(750 (775(773(771(770 
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a' - n w' (^^o) g , (^^o) 9 , (^o) 9 , (^o) 9 , ji _ 1 

°00 - u ' "10 - ~~ 7j h "TT"^ h a a a h a a a a h — ' a 01 _ 1 

flO ^31^30 ^53^51^50 ^75^73^71^70 

Moreover, 5, 5' are the nearest-to-0 roots to (2.3.2), (2.3.3) respectively. It is clear 
that dio, d' 1Q 7^ 0. This means that the approximate value of 5, 5' is 



— d\oa, —d' 10 a (2.3.4) 

respectively. Exactly, both 5, 5' are power series in a whose first term is given by 
(2.3.4). This means that 

oo 

z = y - d 10 a + ^2 k i a% 

i=2 

oo 

z' = uy - d' w a + ^ K ? 

i=2 

It is easy to see that d' 10 ^ oodi 0: hence the Siegel matrix 3 = z~ l z' (which is a 
number because n = 1) is given by the formula 

oo 

3 = w + ^U l (2.3.5) 

i=i 

and Zi 7^ 0. Since (for n = 1) 9i 3 is the minimal i such that k ^ we get that 
fi3 = l- 

For n > 1 the calculation is the same (this is the main part of the proof, because 
for the case n = 1 the result is known). Analog of (2.3.5) is 

3 = u>E n + l 1 A + P> 2 (A) (2.3.6) 

where P> 2 {A) is a power series of entries of A such that all its terms have degree 
> 2. Condition Ii ^ implies D13 = 1. □ 

3. Main theorem. We need the following terminology. Two lattices L\, L 2 
are isomorphic iff their Siegel matrices Zi, Z2 satisfy 

Z 2 = 7(Zi) 

where 7 G GL 2n (¥ q [6] ) . We put: the degree of 7 is the highest degree (as 
polynomials in 6) of the entries of 7. 

We shall consider 7 e GL2 n (F g [0]) such that ^(ooEn) = uE n , we denote this 
group by ©o- 

Theorem 3. For any k there exists a neighborhood Uk of G Si, C ill such 
that if A, £? G C/fc and /(/13(A) = 7(^13(5)), 7 G ©0 and such that the degree of 7 
is < k then M(A) is isomorphic to M(B). 

Remark. Condition /j 13 (A) = 7(^3(5)) implies L(M(A)) = L{M(B)). 

Proof. 7 G 6 has the form 7 = ^ where G,H e M n (F q [0]). There 

exists an isomorphism a : @o — > GL n (¥ q 2 [T]) defined by the formula 0(7) = 



-\G) + ul-\H). We denote oj( 7 ) = £*L ^ where ^ e M n (¥ q2 ). 



Let fA,i : fs,i (i = l,-..,2n) be bases of M(A), M(B) respectively over Coo[T] 
defined as follows: Ja,i = &i, fA,n+i = Te i (i = l,---,n, e$ from Section 1), and 
analogically for fs,i- They are considered as vectors columns. An isomorphism 
<p : M(A) ->• M(B) is given by a matrix $ G GL 2 n(C 00 [T]) where 



/*,* = $/a,. (3-1) 



$11 $12 



Let $ = [ Z 11 Z 1Z where $ 71 are n x n blocks of $. Condition that 3.1 is a 
V$2i $22 J 3 

homomorphism is equivalent to the conditions 



$21 = (T-0)$£ (3.2.1) 

$22 = - (3.2.2) 

$n - = $g } - $! 2 2 } S (1) (3.2.3) 

(T - 0)$ 12 - = (T — # (1) )$g } - IB (3.2.4) 
We shall find a solution to (3.2) in the form 

k-i 

$n = Y,(Ui + S t )T l + U k T k (3.3.1) 

i=0 

k-i 



$i2 = J2 v ^ 1 ( 3 - 3 - 2 ) 



i=0 

where Si, Vi (i = 0, k — 1) are inknown matrices, and $21, $22 are defined by 
(3.2.1), (3.2.2) respectively. 

Substituting (3.3.1), (3.3.2) to (3.2.3), (3.2.4) gives us a system S of 2k + 1 
matrix equations with a matrix parameter A and 2k + 1 matrix unknowns B, Si, 
Vi (i = 0, k — 1). Let fix A. We shall find a solution to S in a neighborhood 
of 0. In order to write the matrix of the linear part of S at we introduce the 
following notations. Elements m^- of any n x n-matrix 97T will be arranged in the 
lexicographic order; we denote the corresponding n 2 x 1-matrix column by QJt. For 
any n x n-matrix 21 we denote by 21(7) (resp. 2l( r )) the n 2 x n 2 matrix defined by 
the condition 21971 = 2l(/)97t (resp. 97121 = 2l( r )97t). Namely, 2l( r ) is a block diagonal 
matrix consisting of n diagonal n x n-blocks each of which is equal to 21*, and 21(7) 
is obtained from 2l( r ) by some permutations of rows and columns. 

Further, we consider a (2k + l)n 2 x 1-matrix column formed by elements (from 
up to down) of matrices B, So, ... , S k -i, Vo, ... , V^-i, we denote it by X (the set 
of unknowns). The linear part of S is the following: V\>\X = W 2 A, where 

/ (E n ) k 

Wi = M 2l (<S (r) ) k J k {-9) 

1 

where M 2 i = ( (Ho)(i) - (&k-i)(l) ) t ~ block , 

m = (-(<))„ ... ... -(a?>) w )*-""* 
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and t— block means that only the block structure is transposed, but not the elements 
of the blocks. 

We have: detWi = det7 G F*, and in some neighborhood of we have X = 
Wi 1 W2A+ terms of higher degree. Since (in our notations) B is the upper n 2 
elements of A, we have B = (W ] ~ 1 )im>V2^4+ terms of higher degree, where (Wf 1 )]^ 
means the first block line of Wf , i.e. its first n 2 lines. We have (Wf )i6/H ; 2 = 
(G + uH)^(G-uH) (r) . Since we have the same formula for the relation between 
//13(A), nis(B), we get the theorem. □ 
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